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Suffkient conditions for the quasinilpotent equivalence of commutators and for 
the elementary multiplications on a Banach algebra are given. It is shown if two 
elements of Banach algebra are quasinilpotent equivalent and if they are zeros of 
the same entire function then such elements are equal. p 1992 Academic Press, Inc 
1. PRELIMINARIES 
Let A be a complex Banach algebra with unit 1 and let C denote the field 
of complex numbers. The spectrum of a E A will be denoted by o(a). The 
set p(a) = C-a(a) is called the resolvent set of a. The quantity 
r(u) = max{ 1j-1, J. E a(a)} 
is a finite non-negative number-the spectral radius of a. It is also 
well-known that 
r(a) d IId, r(u) = nl~mm J$Pj = inf{ J$?j, n = 1, 2, . . . >. 
Denote by X a non-trivial complex Banach space. The algebra of all 
bounded linear operators on X is also a complex Banach algebra. This 
algebra will be denoted by B(X) and it has the unit Z-the identity 
operator. For each a E A we associate the operator of the left multiplication 
L, and the operator of the right multiplication R, acting on A by the 
relations 
L,x = ax, R,x = xa 
for every x E A. It is easy to verify that for every CI and h in A the operators 
L, and R, commute, moreover the mapping a H L, is an isometrical 
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homomorphism, the mapping a H R, an isometrical antihomomorphism 
from A into B(A). The relations 
a(L,) = o(R,) = a(a) 
for each UEA are also very important and well known. Choose a and b in 
A; the commutator Ca,b of a and b is defined by the relation 
C,,, = L, - Rb. It is clear that /IC,J 6 llall + 11611, therefore C,,, E B(A). 
The n th power of C,, is defined as customary by 
co =I a.6 2 c’ =c a,b o,b, c:,, = Ca,bCa,b, .... 
An element SEA is said to be quasinilpotent if r(a) = 0; in this case we 
have ~(a) = (0). 
2. QUASINILPOTENT EQUIVALENCE 
The notion of quasinilpotent equivalence for linear operators is due to 
Colojoara and Foiag in [ 11. We shall define this relation for the elements 
of Banach algebra A. Observe that for every natural n the following 
estimate holds: 
Hence for every x E A the upper limit of the sequence { (711 c~,bxll),“= o 
exists. Denote 
p,(a,b)=limsup .fm. 
n-m 
(1) 
It is clear that ~*(a, b) < r(Ca,b). The numbers ~~(a, b) and p,(b, a) are in 
general different. Since L, and R, commute we have 
CI,,x= i (-l)k ; unPkxbk. 
k=O 0 
It is also very simple to derive the identities 
L exp(da) = exp(ALa)? &xp(lb) = exp(ARb) 
for each I E C. A straightforward computation shows that 
C;,,x= (exp(lu)x exp( -Ab))$rlo (3) 
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holds. Here the symbol (n’ denotes the nth derivative. An easy consequence 
of (3) are the following identities (see, e.g., Foiag and Vasilescu [3]): 
(4) 
(C:,,kXw,,Y). (5) 
We give here some new results: 
PROPOSITION 2.1. In the algebra A the following assertions hold: 
1. Ifac=ca, bc=cb, cx=xc then 
c:+dl+< , x=c”,,x and Ct&X = c”(c~,gx) = (c;,,x)P. 
2. If ab = ba and ax = xa then C”,%,x = x(a - b)“. 
3. If ab = ba and bx = xb then CE,,x = (a - b)“x. 
Proof: From the relation 
exp(L(a + c))x exp( -A(b + c)) = exp(la)x exp( --lb) 
with help of (3) we obtain 1. To prove Assertions 2 and 3 we need the 
identity (2). 1 
The identity (5) implies the most important property of the function pX: 
pxy(a, b) G da, c) + PJC, b). (6) 
Suppose that e E A is an idempotent element (ee = e). Then 
Define 
PeAa, b) = PAa, b) 6 PAa, c) + p,(b, c). 
d,(a, b) = maxbAa, b), p,(b, a)). (7) 
For the idempotent element e E A we get 
1. d,(a, b) >O 
2. d,(a, b) = d,(b, a) 
3. d,(a, b) < d,(a, c) + de(c, b). 
But the function d, is not a metric in the algebra A. Indeed, if qE A, 
q #O, eq = qe, is a quasinilpotent element, then d,(q, 2q) =O. But this 
relation does not imply q = 2q. 
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If e = 1 then we write simpler d(a, b) instead of d,(a, b). The number 
d(a, b) (respectively d,(a, b)) will be called a spectral semidistance from a to 
b (respectively semidistance from a to b, with regard to the idempotent e). 
The elements a, b E A are said to be quasinilpotent equivalent (respectively 
quasinilpotent equivalent with regard to the idempotent e) if d(a, 6) = 0 
(respectively if d,(a, b) = 0). These relations are evidently equivalence 
relations (reflexive, symmetric, and transitive). It is shown that d(a, b) = 0 
implies a(a) = a(b). See, for instance, Foias and Vasilescu [3]. 
PROPOSITION 2.2. Suppose that ac = ca, bc = cb, cx = xc. Then the follow- 
ing assertions hold: 
1. px(a+c,b+c)=~.,(a,b) 
2. d,(a+c, b+c)=d,(a, b) 
3. pJac, bc) 6 r(c)p,(a, b) 
4. d,(ac, bc) d r(c)d,(a, b). 
Proof This is a simple consequence of Proposition 2.1 and the delini- 
tions. 1 
COROLLARY 2.1. Suppose that ac = ca, bc = cb, cx = xc. Then 
1. d,(a + c, b + c) = 0 if and only if d,X(a, 6) = 0. 
2. Zf d,(a, b) = 0 then d,(ac, bc) = 0. 
PROPOSITION 2.3. Let A and B be complex Banach algebras and suppose 
that h: A -+ B is an isometrical homomorphism or antihomomorphism. Then 
for any a, b, x E A we haoe 
&(a, 6) = 4,.&a), h(b)). 
Proof This is by an easy verification. 1 
COROLLARY 2.2. For any a, b E A we have 
d(a, b) = d(L,, Lb) = d(R,, RJ. 
PROPOSITION 2.4. Suppose that a, b E A commute. If x E A commutes with 
a and with 6. then 
&(a, b) d r(a - b) for x#O 
&(a, 6) = 0, 
d(a, b) = r(a - b). 
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ProojI This is an easy consequence of the earlier proposition, and 
definitions. 1 
COROLLARY 2.3. Suppose that there is a complex number I, such 
that o(a) = a(b) = {&}. Th en the operators L, and R, are quasinilpotent 
equivalent. 
Proof We use the well-known inclusion ~(C~,~)~_rr(a) -a(b), where 
a(a) - o(h) denotes the set of all differences of one element in a(a) and one 
in a(b), and the above proposition. 1 
In the case A = B(X) a more precise formula holds: 
4Cs,T)=dS)-4n S, TEB(X). 
We can find this formula in the paper of Lumer and Rosenblum [4]. 
THEOREM 2.1. Suppose that S and T are bounded linear operators on the 
Banach space 3‘. Then the operators of the left and right multiplication L, 
and R, are quasinilpotent equivalent if and only if there is a complex number 
&, such that a(S) = a(T) = { &}. 
Proof Suppose that L, and R, are quasinilpotent equivalent. We get 
now 
O=d(L,, R.)=r(L,-R.)=r(C,,)=max{la(S)-a(T) 
But this is possible if and only if the sets a(s) and (T(T) contain only one 
point. This fact gives the desired result. 1 
The commutator C,,, of a and b, a, b E A, was defined by C,,, = L, - Rb, 
The product M,,, = L,R, is also a bounded linear operator on A. We have 
the estimate 
lIM,,d d llall IIN. 
In the case A = B(T) we have again a more precise result: 
IlMs..lI = IISII . IITII. 
This result is proved in the paper of Embry and Rosenblum, [2]. The 
operators C,,, and M,,, are special examples of the class of elementary 
operators. The operators C,., is called sometimes the generalized derivation 
by a and b, the operator M,,, is the elementary multiplication generated by 
a and 6. 
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PROPOSITION 2.5. Let a, b, u, v be in the algebra A. If d(a, b) = 
d(u, u) = 0 then 
1. 4Ca.m C,,) = 4Cw C,,,) = 0 
2. d(Ma,., Mb,") = d(M,,, M/w,) = 0. 
Proof Put c = - 1 in the Proposition 2.1 Assertion 1. We obtain 
C”, -h x=(-l)“C::,x. 
This equation implies 
PAa, b) = ,eJ --a, -b) 
and for x = 1 we get 
d(a, b)=d(-a, -b). 
1. Since d is a semimetric we can write 
4Ca.m Cd 6 4Ca.m Cd + d(Cm C,,). 
Using Proposition 2.2 Assertion 2 we obtain 
d(C, u, C,.) = 4L - 4, Lb -R,) =4-L, Lb) = d(a, b) 
by Corollary 2.5. Similarly, 
d(C,,., C,,,)=d(Lb-R,, L,-R,)=d(-R,, -R,)=d(u,v). 
If d(a, 6) = d(u, v) = 0 then we find 
4Ccw C,,,) = 0. 
Changing u and v the proof of Part 1 is finished. 
2. Since by Proposition 2.2 Assertion 3 and Corollary 2.2 
4M,.3 Mb+) = 4LJL &JL) G r(R,)W,, 4,) = r(u)d(a, b) 
and 
dWb,u, Mb,d = 4WL WV G r(b) 4% R,) = r(b) d(u, 0) 
hold, we obtain the desired result using again the inequality 
d(Ma,., Mb,J G d(Ma,., Md + 4Mb.m Mb,d 
If we still change u and v then the proof of Part 2 is complete. 1 
384 MARKORAZPET 
3. WHEN QUASINILPOTENT EQUIVALENCE IMPLIES EQUALITY 
THEOREM 3.1. Suppose that a and b in A are quasinilpotent equivalent 
and suppose that there is an entire function f which has simple zeros. If 
f(a) =f (b) = 0 then a = b. 
Proof: If a and b are quasinilpotent equivalent, d(a, b) = 0 then 
a(a) = a(b) (see, e.g., Foiag and Vasilescu [3]). The relation f (a) =f (b) = 0 
gives a known result in Banach algebra theory (e.g., Vidav [S]): there exist 
idempotents e,, . . . . e, and,f,, . . . . f, in a such that 
a=k,e, + .t. + inen, b=p,f, + ... +~L,fe, 
for some complex numbers jel, . . . . 2, and p,, . . . . pm. Moreover, 
ae, =E.,e ,,..., ae,=i.,e,; W, =p,f,,..., bf,=p,f,; 
e,+ . ..+e.=l, f,+ . . . +f,=l. 
Since o(a) = a(b) and we see that n = m, we can get 1, = ,nr, . . . . i, = pL,. The 
relation d(a, b) = 0 implies for 2 # Ak the convergence of the series 
Put 
k=l r=O 
Since 
(A-a)(C&l)=(Ch,l)(A-b)-CL,:‘1 
(see identity (4)) we have for %~p(a) 
k=l r=O 
x[(cg,l)((n-~,)+(~,-b))-C:,,11f, 
By an easy simplification we try 
(I.-a)F(A)= i fk=l. 
k=l 
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Hence 
F(A) = (I. -a)-‘. 
In the same way, changing a and 6, we obtain 
G(I)=(l-a)-‘= i 5 (Lik)prp’ (CLal)ek. 
k=l r=O 
Therefore 
kgl r~o(r-ik)prpl (c&l)fk= i f (hik)p’p’ (cL,,l)e,. 
k=l r=O 
Let r, be the circle surrounding only A, of g(a). By integration of the 
above relation along fk we get fi = e,, . . . . f, = e,. Henceforth, a = b. 1 
COROLLARY 3.1. Let e andf be quasinilpotent equivalent idempotents in 
A. Then e =f: 
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